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Ensemble equivalence

The canonical distribution at temperature I caverys to the

micro canonical distribution at energy E as N so with

Fele



Ensemble inequivalence

Can we find T such thatPeafeld E E for any valueofE

Yes if SCE is concave offico Eec so

TIE is then a one to are mapping

Smh
A E varies we can vary T

ii
continuously suits that Ifl

ET EE E

Not for all values of E if S E is not convex

Sm systems e g with long range interactions have

non concave entropies Then for ONEvalueof T there mightbe

several E such that I 8
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When is tangent in two values E E to Sm E both

value of the every y are equiprobable up to theprefaitas



Phase diagram
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Ensemble inequivalence is interesting butexceptional from

now on we focus on the caseof ensemble equivalence



Helmoltz frm energy Gibbs Boltzmannentropy
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We define F E E TSIE hideZtlet the Helnoltz

free energy of the macrostat E a the Landanfree energy ofE

at temperature T

Z t Sde whet e PE is the Laplace transform of wet

SLE e PEE e
β FLIET

safe

F T FLLE when E age in E E

The free energy of the system at tuperation T is the

Landan free energy of the macrostat with the smallst

One after hears that the system has

minimized its free energy D that Fe E not FCT whichisfixed



Note that as a result F T E TSLEY as in thermodgrain

legend transform UW is the legend transfanof fly if
41 1 Sgp xy f y

Becauseof the saddlepaint

PFIT SEP PE SEE PF is the legend

transform of _She
twith respectto E ooo Again the signs

factorsof β an infatmate sarebook use theMassierfunction4 1to

try fix that

The saddle point in stat mech is why as does legenda transform
in thermodynamics then an microscopic system behind
these bizarre mathematical relations

Ensemble equivaluce If the entropy is concave we can invent

the relationship between F S

h Sm let spp β F P PE

More on the mathematics of ensembleequivalence in

HTorchette arxiv 0804.03 27 the largedeviationapproach to stat Mech



Gibbs entropy

In chapter 1 we encountered Gibbs Shanon entropy

So hp P a hip a

In the micro canonical ensemble So Sm Whatabouthere

Salt Hz
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Salt E 91 IF T

Solt is this differentfrmSm E which is not surprising noteventhe

same argument

LargeN CE DE SG t IF E E THE

T
Sn Et

In the large size limit Soft S let agner provided

ElE
More broadly if microcanonical canonicalensembles an equivalent

we should be able toconstruct the same thermodynamis for both

of them



3 2 3 thermodynamics from thecannicalensemble

Pressure let us show that the pressure is P QEMv.tl

way
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11 mysit
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the face exerted by the wall onthe particle is Fw dx.tw xi 4

The pressure is the average face per unit area exerted a the

wall P I Yuki 4 by Newton's 3ʳᵈlaw

let us now compute 8
V LxA 8 1 GE if A is keptfixed
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